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AbsiraeI--Tht: ¢'lmcepl t~l pm~tes swe  ducllle deh_~rmalum has prevli~usIy been dlSelJSsefl mainly in klnemall,. 
lewrns Lallle allenhon has been paid Itl Ihe p n n o p a l  slres,~es Ihul c u n m d  Ihe I o r m a l . m  ul clu¢lde deh~rmal . ,n  
pallt.'rn:, Many d e h . m a l . m  pa l l ems  ul mLk,s may have been t.wealed m a slress held cd slahle onenla l l tm An 
equahtm denved here dlre¢lly links Ihe onen la l lun  ul II',e malur .',xts td dewa lonc  sire55 lit Ihe sHelch and 
r,dal lor i  ~.'l~mporieril;, cll plane isochonc d e l u r m a l , m  In iStlllOpn.' locks E.Sllrrialion5 ol i o l a l l on  and 5ilell.'h ii i 
hnlie ,,llalri elhpsolds may Ihere l l l re  aid the rec iwery  ul palaeosHes~, axes uslnp, a ntm'u~gram in l toduced  here 

'The inehrlallt~n I~l Ihe malor pnnclpal  devlalonc sl~es,, axis WII I " I  res, peel I,~ a relerent.e plane controls bolh ihe 
particle rnlwemenl palhs and mode i~l p.~L.,qesswe delormal lon 'The dehl rmal i lm lensnr,  t~blalned by mlegralmF.: 
Ihe ~ale ,~1 d~splacement nr velucHv ~rad~enl e q u a l . m s ,  ks hrsl e~pressed in lime dependenl  lerms ciimpnsmp, 
only Ihe m~rmal and sheal  o~mpunen l s  ol Ihe slram rale I~.nso= Mohr 's  equaiu.ms ol slress t an  Ihen he used Io 
hnk slrain lales ll~ the malor pnn( ipa l  slress ~espllnsible lot Ihem The tale id' p.lgre:~swe dehuma l lon  i!, 
de le tmmed by Ihe rheolugy ol Ihe d e l u t m m g  rocks and Ihe magmlude  ill Ihe dewal t lne  sHess 'This detwaltim 
welds a hme dependent deh.mallon lensiu whwh ts expressed m lerm:~ nl Ihe dynamic vlscll,,,lly and Ihe 
magnllude and onenlalton ol Ihe malor devlahm¢ shess wllh tespecl In a relerence plane "13=e ,,,~gnlhcame ol Ihis 
delormal,m lensor is illuslraled by hlrwatd modelhn~ u,,,m~ t.nmpulel graphiCs 'These alh~w Ihe progte,~swe 
delolmallon ol a unll vidume ol rt..'k m ~esponse , ,  devialtlr..' sltesse,, ¢~1 vant~u,, slable oHerlial.irr,, h~ he 
vnsuahzed 

I N T R O D U C T I O N  

ST~UC3URAL geologisls have developed techmques to 
map, methods to display and jargon to descr,he, the 
geomelrv of delormal,)n patterns observed in rocks 
The structural leature,s ol particular terrains are some 
lames used In reconslrucl their kmemuttc or teclomc 
h is lo~ However, Lhns Iraditlonal, descnptive approach 
of structural geoh~gy does not address fundamental 
questnons concerning the dvn~nlic.v of deformalion. For 
example, "Never talk about stresses, all you see in rocks 
is a state ol hnnte slrain whnch may result from any 
delbrmatnon hnslory", ts a common statement repeal 
edly emphasized by the cL)mmun.ty ol structural geolo 
gists. 

And yet, many geologists wonder: Why Is lhe geom 
etry and scale nl l'~)Ids, houdins, mulhons and shear 
zones so vanable? Why do these ,struclures occur al all'~ 
Field geologists therelore commonly resort to menial 
models, revoking mechanisms that could have led to the 
slruelures observed in the field These models usually 
prompt alle.p.at,ms about Ihe or len la t ,m ol the principal 
stresses. Such m i d  expenmenls are often a drastic 
simplifcatu)n as Ihey extrapolate trom famdmr dtmen 
sions and condense the lactor ol hme whde ammahng 
the Irozen movements found m rock structures (el 
Kuenen IqhS), 'The accuracy of menial models could 
therelore benefl  from mvesUgatmg and quanhl:ymg the 
r e l a t i o n s h i p  b e l w e e n  s t ress  and  s t ra in  m e l e m e n t a r y  

m o d e l s  II is a task o f  m o d e r n  s t r u c t u r a l  g e o l o g y  to 

p r o v i d e  Ihis b a c k g r o u n d  k n o w l e d g e .  

'The r e l a t i o n s h i p  b e t w e e n  s t ress  and s t ra in  ts c o m p l e x  

b e c a u s e  finite s t ra in  c a n  on ly  be  d e t e r m i n e d  by Ume 

in tegra l=on  w h e n  the  vor t=ci t les  and  s t ra in  ra tes  are  

known This wnrk shq~ws how both Ihe flow geomelry 
and mode ol progresswe delormation are entirely con 
trolled by the inclination ol Ihe pnncipal dev.alOrlc 
stress axis relat.ve to a stable reference plane fixed tt~ a 
physical boundary of the delormmg rock volume Linli l 
now, this relahonship between mode o[ del'ormat=on 
and onentut ion ol the deviatonc stress had only been 
recognized Ior two specific cases. 'These are progressive 
pure shear and simple shear, tot which the pnnopal  
devtatonc stress is perpendicular to, and at 4Y' to, 
respectively, a fixed reference plane in lhe matenal 'T'he 
delorrnatlon tensor mlroduced here allows deferrer 
nation ol progressive delormation sequences lot any 
stable onenla l ion of the stress axes wilhm the plane ol 
flow AddHionally, the rate oI' accumulation nf fimle 
strain can he predicted knowing the magmlude ol lhe 
vort,cdy and strain rate as these are conlrnlled by lhe 
magnitude ol lhe slress and lhe efl'ectwe viscosity ol lhe 
system 

Progresswe defnrmat=on ol circular markers has pre 
viously been v=suahzed by Pfifl'ner & Ramsay (Iq82) 
who ~btained their results m an mstruchve approach 
superposmg small mcrements ~1 ,,,train and rolal=on 
Ramberg's (197~a,b) earlier trealment ol progresswe 
del'orTnatton was less il lustratwe but Iheuretically more 
sophisticated because it discussed Ihe development ul 
f i l e  strain m termsot strain rate and rolahon rate, bolh 
al steady state The type ul' pro~,'9"esswe delormalion and 
the assocmted pattern ol particle movement paths 
(streamhnes) appeared to he critically dependent on the 
relative magnitude ol w)rtieity and stram rate (Ramberg 
I975a,b). 'This was m agreement with previous develop 
ments in fluid mechanics where similar streamhne pat 
terns were calculated by integratmg the veloclly gradienl 

I O01 



I()h2 R Wel~ermar,s 

tensor Ior arbllrarv ral.,s t~l vt~rlicily and slraln rule 
(Gwsekus 1q62) Consequently, lin=te deh_,rmat,m ~s 
ptedlclable bul ~mly tl the htslorv ol strum rule and 
w~rhctly eonlr=but,.~ns is fully known, and preferably 
these are al sleady slale 

'T'wu dislmcl classes ol progresswe d e f o r m a l . m  in 
planar flows were ~mphed m Ramberg's ( lq75a,b)  ana 
lyses, causing pulsalmg and non pulsating stratus Intro 
ductton ol Truesdell's (Iq53) kinematic w.~r t . : . ly  number 
(W~) mlo geological hlerature al luwed indexing ol de 
Iormatlons, where fimtc strain oscillates or pulsates 
( I , W~, s ,x,) and accumulates monol~m=cally 
((I < W~ ~ I ) . respechve lv(Meanse ta / .  198()) McKen 
zte (Iq79) had previously expressed Ihe deh',rmalton 
tensor m terms ol vorlic=ly and slram rale, and md=ealed 
Ior which ratios oscillatory and non osedlalory strains 
occur. Oscdlalory progressive stratus were also mcluded 
mPfif lner& Ramsay(It~82,cf Ramsay& Huber 1983), 
hut without relerence Io the kmemalic vorttcily number 
II is worth noling thai Giesekus (1902) also used a 
parameler p--Jdenhcal to the kmemaltc vorltctly 
number - - Io r  distinguishing the closed and hyperbolic 
flow paths, which Ramberg (Iq75a,b) laler eonneeled to 
pulsatmg and non pulsaling strains. 

'The kmemalic vorlioly number =s now mereasmgly 
used as a measure tor mm-coat~ahlv ol progresswe 
delormation (el. Ghosh 1987). Bul th=s =s nol a unique 
measure Ior characlerlzmg the progresswe delormat ion 
htslory. 'This ts because =1 characterizes only the slream 
hne pattern. It mcludes no informal=on concerning the 
boundary condtl=ons and imt=al shape and onenla l ion  of 
the delormmg volume w=th respecl Io thai flow patlern 
Dilferenl progressive deformaltons leading to Ihinnmg 
and Ihickening of Ihe same layer may have stmdar W~,s 
(see later). 'The kinematic vorl ioly number =s Iherelore 
an incomplete measure of progresstve deformat=un. Wk 
is sttll useful Io dmtmgutsh pulsalmg and non-pulsal.ng 
stratus, bul Ihe specthc mode of non oscdlalory slrain =s 
belier characterized by the orientation of the devta tone 
stress axes w=lh respect tu a part=eular reference plane 

Current amb=gmhes about the role ,~1' stress and the 
=mporlanee ol Ihe kinemalie vorttcilv number could be 

rt:'s~lved by inv~kmg, has,: ~.'t,ncepls ~,I ttutd mechan, 's  
and conlmuum mechan,.'s AIIh,~ugh struelural ge, dug~,' 
ts a pract,:al,  field ortenled sctence, tl may be w,~rlh 
whdc to slarl tr,~m bus,.' pr,nc=ples =1 th~s prt,m~ses a 
better unders(andmg ol t~ur held da la  'The d=st.'ussitm 
below Iherelore mlr,~duces Ihe slream lunc l ,m lur 
hom~geneuus plane deh~rn~alion and dem~,nslrales h,,w 
~t ,,.'haraclertzes Ih¢ pallern ~1 part~cle mtwemenl paths 
'The flow field may also, be characterized by a n~m 
dtmenstonal parameter ~.~, c~mlamed m Ihe parltcular 
stream luncl ,m derwed below. I-h~wever, the m~de ol 
pr~,.gresstve deh~rmatton depends upon the boundary 
ccmdtltuns (viz stress orienlalton) and Ihereh~re specth 
cotton ol the mode ol I'h~w IS ,nsulfictenl Io characlertze 
the delormalton hlslOr'~ 

STREAM FLINCTION OF HOMOGENEOUS 
P L A N E  S T R A I N  

Ltke prevtous sludies, this Jnvesligalton ol the system 
aries ol progressive delormalton ts confined to ductile 
delormal ton pallerns Iormed ( i )  in plane stram, (2) al 
sleady.state and (3) wt lhoul  volume change Add ihon 
ally, the reference volumes considered are at a scale 
small enough Io correspond I~ homogeneous delur 
marion The vahdfly ol these assumpllons for creeping 
rocks wdl be relrospeclwelv discussed in a later sect=on 

'The assumpl=on of plane strata al steady stale without 
volume change tmphes that the streaml,nes ~r parlicle 
m~wemenl paths eonlrolhng Ihe del'ormatton w,II re 
mare wtlhin Ihe plane conlammg the long and shorl axes 
ol the strain ellnpsoid. 'The entire suile ol fl~',w pallerns 
possible in two dlmens,onal flows gwing homugeneous 
detormat=on slruclures ts dlustrated =n F'mg I. 'These flow 
patlerns can be eharactertz, ed by the f~fllow,ng ex 
pressrm of velooly components v(t,v,z) (el Mason 
I q'7'7 ). 

~', = }',: ( la)  

I'~, = t) ( I b )  

t': = L~I,J,, ( I c )  

a ) . . . . . . . . .  ( 

' ~  , ,~__ .  

b 

Z 

pure rnfQl~on s~rnple shear l.'.J~ t,h~-,o~ 

~., = -~ ~=n ;',: ,1 

Ftg I Spetllic examples ol Iwo dtmenstonal lammar flow,,., represenled by (a) slreamhne,s and (b) veh.~cdy c.mponenl!, 
The flaws can be characlenzed hy Ihe dimensionless parameler ~, vr, wmg hom- I ( ngld body. ~fal. m ) h t + I ( pure shear ) 

Aller Ma,,.,un ( ItrT7, hg I ) 



'T'he . f ie  ~)1 .',,tress m duct i le de lo rma l ion  I(1ht 

where L, is a dimens=()nle,~s scahng parameter varying, 
hetween I and - I ,  and l ' , t s lhe  tale of ,,,.hear Famdlar 
cases ol progressive deh)rmat,.m ~)ccur l ur ~, = - I (pure 
ro ta l .m and no slram), ,~ = II (s=mple shear) and ~, = I 
(pure shear) The elhplictty ol usctl latory streamline 
pallerns, expressed as the ratl~ ul' the short tn the long 
axls,=sg, t venhy thesquare ro~ to t  -~ (c l  Fuller& L, eal 
1981, equal ,m 15) 

It is mare practical t~express the flow held ol Fig I in 
terms ol a stream luncltnn 'rh~s, by definition, auto 
maritally salnshes the condil,ms ol cuntnnutly and the 
Iorce balance equation ol Navner-Sh~kes. 'The stream 
tuncl ion therel'ore is a scflulnon ol the bnharmonw lunc 
I.,m lap lap 'q~ = (I, whwh is only equal Io zero Ior 
incompressible flows as assumed here 'The stream func 
t lnn cannot be delermmed Irom Ihts general equat ion 
(as ts somelimes suggested tn geologqcal l i terature) be 
cause the number of solut..ms is infinite. A stream 
function descnbmg the flow spectrum for homogeneous 
plane strain ~s obtained here by making proper use o1' ils 
def ini t ion as i,, = crqqa: and v. = -d'qt/a~ II can simply 
be recovered by mtegral ing the velocity field equations: 

'q' = (#'q'/dr)d.,~ + I(,'~q,l,'~:)d: + C 

r 

= , ' , d : -  (v,,d.t  + ¢% (2 )  
! 

'The tollowmg stream [unction is t.~btamcd by Inte- 
grahon o1' expression (2), using Ihe velocity field 
equal=ons ( la ) - ( le )  and dropping the integration con- 
slant c using Ihe L'ondutlon q " =  (1 [m: s -~] at 
(~,:) = ((),()). 

q' = (7 /2 ) ( ,  ~ - ~,~") (3 )  

Slreamlines similar Io those m F~g I can be mapped 
accurately by equatmg 'T' to a constant volumetr ic  flaw 
rate [m: s-I ,  with unit vector m the t; direcl=onl, usmg 
fixed values ol ~ and an arbitrary ~',. Expressiun (3) =s 
only vahd Ior the parllcular unentahon of the eo 
ordmale axes shown m Fig. I. Although t; ts by defimtmn 
related re) Ih=s particular orwntation of the reference 
Irame, tt may stdl be used to characterize streamhne 
patterns m general because co ordinate systems are 
arbitrary 

KINEMATIC VORTICITY NUMBER 

Flowlines such as outhned in Fig I can be used to 
predict patterns o[ progressive deformation anslng alter 
the inserhon ol passive delormatmn markers nn such 
flows. Particle paths, streamlines, flowlines and streak 
hnes will all be the same Ior the steady-state low Rey 
nolds number I'lows studied here (cf. Tntton Iq88). Flow 
markers will therefore delorm by displacement along 
the streamlines Figure 2 dlustratesqualitative examples 
of progressive delorrnation for a unit square by stream 

l l nepa t le rnsh~r~  = 1,1) .2,11,- ( ) .1, - ( )  3 , - I l h a n d - I  
If is ~mpurta,nl to realize Ihal the pr~gresstve deh~r 
mat iun of the square is not only de lermined by Ihe 
streamline pal lern,  bul also by its init ial or ieniatwm with 
respect to the streamlines 

Current  geo,sctence l i terature usually relers h ) l h e  
kmemattc vor l ic l ly  number Wk ol progresswe deh~,r 
mat lon (Means el qh lq8(1) This ur igmates hum a 
part icular convent ion fur decompost l ion (~,I the velocHy 
gradlent tensor ('T'ruesdell Iq51, Iq54, lqhS,'T'ruesdell & 
Toupm lqh(1). 'Th,s non dlmenslonal number characler 
izes the relative importance o l  the pr incipal strata rates 
(~',) and vort tc i ty (r..br) derived from the velocity gradtenl 
tenser L,t ol steady state flows ('T'ruesdell 1953, p 175, 
1954, p 1(17) 

lwl (4a) 
w,, + + , 'bl":" 

where the magnitude of the vorliclty vector 
' ~ ' ~ i / ' ~  IWl = (ml + dJ~ + m~) ". Note that the k,nemat,c wml.  

city number as written here contains the principal strain 
rates and not Ihe normal strain rate components of Ihe 
strain rate tensor (see later). 

'The kmematic vort ic i ly  number h)r a general two 
dlmensional  flow ,s less complex lhan in expression (4a). 
This is because Ihe unchanged mtermediate stretch axis 
(S.,) in any plane delormation always rema,ns perpen- 
dicular to the plane of flow 1"he vorliclty vector ol plane 
(rolahonal) strains also wnll remain consistently pen'pen 
dncular to the plane of flow• Consequently, any Isoehortc 
plane strain will have dJ t = (J, dJ: ~: (J, w~ = (I, el = -e~, 
b: = (I, t"~ = -h i ,  assuming a convenient choice ol the 
co urdmate axes Substituting these values in expression 
(4a) gives the kinematic vorlictty number Ior a general 
two dimensional flow: 

w,, = I,-,,:l/[,-(,n + ( - ; ' , ) : ) l " :  Id,:/2,,,I 

It ts wor th  not ing Ihal the relative magnitude ol strain 
rate and vor l ic i tv  may be v,suahzed in Mohr  diagrams 
(el Lister & Wil l iams Iq83, Passchter 1980, 1987, 1988, 
1~9()) 

Perhaps the most powerl'ul property ol the kinematic 
w'~rttclly number ts Ihat it characterizes the geometry of 
parhcle movement paths (cf Wellermars 1988b, fig 5). 
The geomelry of Iwo-dimensional flow patterns is slml 
lar lot all pmrs ol (el, dL,) whnch give the same kmemalnc 
vorticity number. II is therefore relevanl to clarify the 
relationship between the kinematic vorticity number, 
Wn,, stream function, qr, and scaling parameter, ~. 

The relahonshtp between q' and W k is stralghtlorward 
since the magnitudes of bj and d~, (or dh, ) are imphed in 
~l' Components  of the stram rate tenser can be obtamed 
from the expressions' 

i,,., = av,/a,~ = a2qqd~;~: (Sa) 

and 

,;,.. = + , .%/a , . I  = 
(Sb) 
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Fig 2 Examples  ol h o m o g e n e o u s  progresswe plane d e l o r m a h o n  ul a passnve slrann marker  by Ihe Iollowmg parlucle 
movemenl  pa lhs  (aller Wenlermau.s Iqg8b, hg. h). (a) pure shear (I; = I, W= = (I), (b) non oscnllalory flow wnlh componen t s  
ol pure and snmpk, shear supe rposed  (~j = 11 2, W k = 0 7), (c) snmple shear (~, = O, W k = I ), (d) oscdlalory .shear (/.; = - 0  I, 
W k = I 2), (e) nscnllalory shear  (~ = - 0  ~, W= = 17),  (I) i~.~.'=llalury shear  (L; = - 0  h, W~ = 1, 4), and (g) nknd I~dy  

r o f a l l o n  (/, = - I, Wb = ,x,) 

The vorlncnty field ns g iven by cur l  =,, or the curl  vector:  

,~,, I #,,,,I,~: - ,~l,/~v ] 
~,, = c u r l  I, = / ~ v / a t  - ~t, , / ,~, '  . (ha ' )  

Recall thai v, = d'qr/#,:, t,~, = 0 and v,, = -i~qqi~.t, so thai 
expression (ha) may be s impl i f ied unto' 

I ~"l[ ," l d.,,. ] [ (I 

(0t-,) 

'The knnematnc vorlncnly number  ol expression (4b)  can 
now be w n l t e n  m lerms of  the slream lunct ion,  usnng 
(5a), (Sb) and (6b): 



The role ~1 stress m ducltle delormatum I(lh'~ 

r/q'/a. ~' + a:'q,/at-' 
W~ = a:'q,/a/ - a : q , l d t  2 (Ta) 

wllh the deni~mtnutor ut=sln~. Irom et = v,, lor the par 
Itcular onentahon ol the co ordmate system m F'ig I, 
where et is always at 4.h" wtthi respect to the co ordinale 
axes Subsl i tuhonol the stream tunc l tonolexpress ion 
(3) into (Ta) and dtflerenltatton reveals that W, and t; are 
relaled by. 

Wh = (I - ~.~)/(1 + ~,). (Tb) 

Recall thai specml cases occur Ior Wh = (I (pure shear 
strain), W~ = I (simpleshear strain), and Wk = ,:,:, (rigid 
body rotation) 

COMPUTED PARTICLE PATHS 

'The progresswe delormatlon of a material volume is 
dictated by the particle movement paths. 'The stream 
i-unction enables mapping ol the full streamline pattern 
but was designed to calculate the volumetric flow rate 
between these streamlines and is not suitable for tracing 
the movement of individual parm'les m time The math 
emahcal descnphons prowdmg the Iramework to track 
movement paths of indw~dual particles tn time are 
outlined in Appendix A. 

It has Icing been customary in geological Interature to 
reler to two basic cases ol progresswe del 'ormat,on, pure 
shear and simple shear Both ol these plane delor 
manons imply a particular assumption about the often. 
lotion ol the printapal stress axes with respect to a 
relerence surface ol the deforming volume (see later) 
Changing the orientation ol the stress axes can result m 
progresswe deformation sequences which are inter 
mediate between pure and simple shear. A progressive 
deformation is fully predictable and characterized by the 
pnncipal stress onentahon,  provided thai this orien 
tartan remams constant with respect to the reference 
surlace It ts then possible to make inferences aboul the 
time required to accomplish a particular fimte defor 
marion pattern 

Consider a specihic case' a cube ol viscous material 
resting on a solid plane, termed the reference plane in 
whal Iollows. This umt volume is subjected to u stress 
field, and may slip heely over Ihe relerence plane 
relative to a smgle pin-axis (Fig. 3) The plane of section 
contains the molar stress axes and coincides with the 
XZ.plane ol a Cartesian Irame ol reference. 'The refer- 
ence plane coincides with the XY-surface and the pin 
axis is parallel to the Y axis. 'The bottom of the cube is 
kept in tight contact with the relerence plane for any 
orientation ol the devtatoric stress field. The cube may 
be thought ol as part of a body with infinite lateral extent 
m the direction ol the second pnncipal stress ax.s, so that 
deformation remains plane. Also, the cube remmns 
incompressible m response to mstantaneous stresses and 
long term volume changes (accompanying solution 
transfer and metamorphic processes in rocks) also are 
excluded. Consequently,  de lormahon will be isochonc, 

~' ~ I,'~-'tJIth 

|la= II=ll 
- -  .-7....-" 
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, , ,  ~ * , ,  , ,  , , ,  , , ,  . 
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~" I zlP== (11) ''~' '" 
..... " I polt-,rol II]) 
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I I~h-,t~tlll, #llIftJ~ 

Fig ~ Sketch seclion Ihrough Ihe delormlng unll volume to show 
dehml=ons ol the angle, ,[,, ol Ihe pnw. lpal  devmlonc sltess, rt, wflh 
=especl In the normal Io the feletence plane, Ihe mchnalton, ~, ol Ihe 
malol  a.xis ol Ihe slrain el l ipsoid, and Ihe pnnclpal  sl leleh, 3't '1"he 
angles/-/and L, ate rneasuled ham lines tH)° apart Io accounl lot Ihe lacl 
thai =t; I ol Ihe incremenlal  sltain ell,pstnd is, by dehn,t lon,  always Ihe 
latgesl sltelch and Ihus perpendicular to h '1"he quant=ltes anti (fl), 
poleml (/5), ptlen, xlrns, xslep, zlen (D), and a.tlsl (81) ate used 
exienswely in Ihe compulef pro[.~am ol Appendix B and ate included 

hele mainly hn the record, 

and additionally, Is assumed It) be homogeneous on the 
scale of the unit volume considered here 'The assump 
lion of homogeneous deformation implies that body 
forces m the unit volume are neghg~bly small as com- 
pared to the surtace forces. 

'The rate ol dnsplacement (~,)ol  partncles t Inn ,~7'Z 
space can be described by the Eulenan rate of 
displacement equation. 

x, = L,,~, (8) 

The components  ol the rate ol displacement tensor L,  
for the situation outlined m the defin.tion sketch of Fig. 3 
can be obtained as I'olh~ws Reahze that the components 
ol sohd body rotation in the unit symmetric part ol L ,  
do not oiler distances between fluid particles and thus do 
not involve stress. 'The stress reduces strain rates, as 
descnbed by the strain rate tensor, which for the con- 
figuration of Fig. 3 is (using t",,, = -~",,). 

i,,, () i,,, 

D .  = (I () (I (ga) 

i'~, l) -(",.~ 

'The boundary cc)nd,non of plane strain reduces the 
vortlcity tensor to: 

(.) () - @ , / 2 )  

w, /=  o () o (qb) 

d~,/2 (I () 

Retail Ihat i',., = e= = ~.[(dv./,'L~) + (dv,/az) I and 
d/,, = i(av,,/a.t) - (av,/a,,) I (Appendix A)  'The stable 
reference plane does not allow for rotation ol the base of 
the block relative to the XYZ hrame ol relerence, so that 
dv,,lat = (I. 'This implies that, numerically, &v/2 = -i',,,. 

Consequently,  the rate ol displacement tensor L,  can 
be expressed in terms at the normal and shear' cam 
ponents of the strum rate 
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e,, (i 2/,,,, 

L, = II (l (I ( t i c )  

() 1) -t'.,, 

Th,s ~s only vahd fur Ihe chc, ce ol relerence Irame as 
defined in F'tg 3. Nole that tensor shear strain rale b,.. 
relales Io the engmeering shear slram tale },,,. by 
2e,. = ~',,,,. 

The pos,lton ol any particle at a particular t,me t can 
be Iound by solving Ihe parl,al differentials of the rule. 
uf displacement equaltons (8) usmg L,  us defined ,n 
express,Jn (go). For complex flow fields, th,s mtegratmn 
can only be solved by numerical ,era l ton (e.g. McKen 
z=e Iq7tl), but anulyhc mtegration is stra~ghtlorward Ior 
the s,mple flow and boundary conditions cons,dered 
here. Methods Ior anal,ct,c solution ol the t~me deriva- 
tives ol Ihe velocity field have been explamed in deta,I by 
Ramberg (It~75a,b), but h~s equations may be abbrevi 
,',ted cons,derably (see Appendix A). 

Solution ol equatmns (8) w , h  the parl,cular L,  ol 
expression (~c) yields Ihe deformatiun lensor (using 
Appendix A'): 

exp (i,,~t) 

F, = () 

1) 

11 2=",,.Ib,,) smh (b , , t )  

I () 

11 exp ( - e,,rt) 

wh,ch is similar to the malnces comprised in equal,on 
(0) of Giesekus (lOb2), equation (38) of Ramberg 
(1975a) and equatmn (28) of McKenzie ( 197q)--the first 
and last only after a 45" transformation ol Ihe reference 
frame. 

The normal and shear components ol the strain rate 
tensor D,  are related directly to t,.., and r,,,, the normal 
and shear components ol the two-dimensional devia- 
torte stress tensor T, (see Append,x A, equal,on AS): 

e,, = r , j 2 r /  ( l l a )  

b,,, = r,J2rl. ( l l b )  

'The viscosity ~I in expressions ( l l a )  and ( l l b )  may be 
either Newton=an or an ell'eel,re viscosity accounting for 
non Newlontan flow This follows from the assumpt,on 
of homogeneous deformation, which =mpl,es that the 
dewulor,c stress =s constant throughout the unit volume. 
Since there is no spatial variation in the strum rule, the 
dynamic viscosity may nol vary during flow. This =s 
fulfilled ,f the theology ol the u n ,  volume =s Newton,an, 
but also for any other inlrins,c rheology as each pair ol 
stress and stra,n rule values plots as u single point m the 
log.log space of a flow diagram (e g see fig. 3 m 

We, lermars&SchmehnglqSh)  N o l e l h a l l p r e l e r u s m g  
r,, h~r the devialonc m~rmal slress ralher Ihan o, , ,  
ad~pl,ng Fung's (It~hS) s~/slem ~1 reserving, r lot dev,a 
Ior,c stresses and o for Ihe tolal stresses, the nndexes are 
sufficient to dtslmgutsh Ihe normal and shear c,~m 
ponents 

'The normal and shear strum rules can now be relaled 
direclly to the oriental,on ~ ~1 Ihe pnnc=pul dev,ator,c 
stress r= w , h  respecl Io the m~rmal to the relerence 
plane (Fig 3 ) ,makmguseo l theequa t t onsh~r theMohr  
orcle ol stress (of. Means Iq7h) 

'rl + r~+ r~ - r 2~ d ~.'~ ~s ( 1 2 a )  r,, - 2 2 

rt 2~ - rasm (12h) r,: - 2 

For b,axial ,sochoric flow r t = - r ~ s u  Ihal expressions 
(12a) and (12b)simplify ttr 

r,, = r I cos2~ (13a) 

r~,  = r t sin 2k;. (13b) 

Substitution of (13a) and (13b) mlo ( l l a )  and ( l ib )  
y,elds: 

¢",, = ('r= cos 2~)/(2r/) (14a) 

i ',, = (r= sin 2~')/(2t/) (14b) 

It Io l lows from expressions (14u) and (14b) Ihal Ihe 
deformat ion tensor F, .n express.on (1()) .s ful ly de 
scribed if the or ientat ion td, and magnHude r t ol Ihe 
pr in t .pa l  dev.atoric stress is known lugelher  wi lh the 
viscosity and Ihe hme l elapsed smce the onset of 
de lormat .on 

Consequent ly ,  Ihe movement path ot any particle 
(a.,v0,zu) is described by the deformat ion tensor ex 
pressrun: 

with 

A = exp (R, cos 2,., e) (I~a) 

B = l a n 2 ~ l e x p ( R ,  c o s 2 ~ ) - e x p ( - R ,  cos2~)] (l~b) 

C = (.1 ( I t~c) 

D = e x p ( - R ,  cos2~) ( l~d)  

andnon-d tmens iona l t .me  Rr = ( t r t ) / ( 2 q )  N o l e l h a t  v0 
does not change m planar flows, so Ihal v = v. =n all 
cases. 

Express.on (15)can be formulaled in lerms ol algo 

F'=g 4 C'ompuler b~aph,, lepr¢.,,enla,lon ol s, reamline pallcrns induced by Ihe pnncipal dev]alonc ~lte,~s, r i (c.mpre,,.,,ive, plane slrain), ol 
parlu."ula¢ onenlal,ons (a.,,, .~pet16ed m Ibe caplion ol each image and ou,hned by Ihe green line) wl,h respecl lu Ihe relelence plane "rhe rbeology 
i,s i~'~lropic (aniso, ropy laclor [] I ). 'The dlrec,lon of flow along Ihe hyperh'd,¢ parlJ¢le movemenl palhs ,.,, away Irom Ihe asymplole neares, Ibe 
malor principal ,,,~e.s,,,, axis and ,owards ,he asymplole turthesl Irom Ibe .s,tess aJtl.~ Flow along, Ihe asymplole.,., Ihem.,,elve,, is away h'om and 
Iowatds Ibe ortL~n Ior Ihe a.symp,o,e turtbesl hrom and nearesl ,o ,he s, ress a.us, respec,lvely Flow helds lot ~ and ~' = q()" - ~, are m,rmr image.,, 
aboul ,he Z a~ls, bul k.~k dltlercnl as ,he algon,hm u,,,t=d Io visuah,re Ihem pick.,, different, evenly spaced particles along, Ihe X ~tis and Z a~,,',, 
lot ~ ,  49' and ~ > 4b". re.speetively 'The images were pholo~aphed d,recllv horn Ihe mon,tot and may include shgh, dl~,orllons arising h'om I he 
curvalure ol Ihe ~'leen Similar parl,dc palh.,, have been Vl.,.,ualLred previously (e g (.q,esekus It~62, Ramberg IqT'~a,b, Bentley & Leal It~Rh), hul 

,he ,,,y~,ernalic' relaliow.hip wl,h ,he pnnmpal devta,ont s, res,s axis i.s hr'~, oulhned here 
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'The role ol stress in duclde deh}rmali~m I()h I-~ 

rtlhms and run ~n a PC' or L.aplop computer equipped 
wtlh graphics I~l visualize the streamline pallerns arising 
in our uml v~durne in re',~ponse to any stress wllh a 
parhcular onenlallon L, Sollware developed by the 
aulhor ts discussed in Appendix B. Figure 4 dlustrates 
several examples ol two dimensional flow palterns, 
emphas~zmg Ihe gradual change in the pattern as Ihe 
mchnatlon ol the principal stress axis vanes from paral 
lehsm (~ = ~11") Io  orthogonahty (~ = I)") wilh respect Io 
Ihe relerence plane 'The flow patlern shows Ihe move, 
menl ol part~cles about any point wllhin the delormmg 
uml volume The honzonlal axis (in blue) is parallel Io 
the reference plane at Ihe base of the bh)ck Nole that 
Ihe slreamhne patlerns are fixed for any parhcular ,~, 
irrespective of the magmtude of r ~, and r I, provided thai 
I , (). The anlsotropy luctor m umty for all streamline 
pallerns in F'tg 4 as Ihe malenal is isotropic. 'The ell'eel 
~d' orthotropy has been Ireated elsewhere (Weilermars 
m preparation) 

Examples ol some of Ihe flow patterns m Fig. 4 have 
been previously visualized m analyltcal studies (Ram 
berg 1~75a,b, Ramsay & Huber It~83) and expenmenlal  
sludies (Fuller & Leal It~81, Bentley & Leal 198~), or 
bolh (Giesekus Iqh2). Hnwever, Ihe syslemalic re- 
lallonship ol these flow pallerns wilh Ihe onen lahon  ol 
Ihe dewalorie stress axes is oullined here lor the firsl 
Inme 

FLOW ASYMPTOTES 

'The streamline pallerns m IZ'~g. 4 all possess a unique 
set o1' Iwo strmghl streamhnes, excepl I'or ~ = 45" where 
they el ,no,de These slrmght streamlines--traces of the 
e~genveclor planes--are asymplotes to Ihe hyperbolas 
Ihal form the flow patterns C)ne elgenvector plane is 
asymplolic Io Ihe exil flow, Ihe other is asymplotic Io Ihe 
entrance flow The asymplole h~ the exil flow coincides 
with the X axis for any L;'. 45" 'The asymplote Io Ihe 
entrance flow coincides wilh the X axis Ior any ~ :, 45 " 

Figure 4 also speeches the kmemahc vorticlly number 
Ior each flow 'The acule angle (a) belween Ihe X axis 
and Ihe other I-low asymplole is relaled to Ihe kmemahc 
vorlicitv number by (el. Bobyarchlck 198h). 

W~, = cos ~J (17a) 

The kmemal~c w~rt~cily number Wk can also be relaled 
to Ihe oriental~on ~ ~1' the principal devlatorlc stress 'r~ 
'This is because Wk can be expressed as a funcllon ol b,~, 
and t",,,, ~.e, the normal and shear components ol the 

two dimensional slram rale lens~r. The w3rlictly t;J,., has 
a magmlude equal Io Ihal ol Ihe engineering shear strain 
rate -1,,: = -2~;,,,. Subshlulton .n express,m (4h') and 
using expre.ssilms (14a) and (14b) yields' 

Wl, =sm 2~. (17b) 

Combining expressions (17a) and (17b) and ehmmaling 
W k yields the relalionshlp between a and ,.~' 

u = cos- i  (sin '2.~). (IXa) 

Negative angle.,`, are measured clockwtse and posilive 
angles are measured anll clockwise. Expression (18a) 
can be slmphfied by defining u' = ~(1" - ,'a, so Ihal 

u' = '2~L~ or a = ~(l" - 2~ (18b) 

Expression (18b) has been used to determine Ihe 
inclination ol Ihe second asymptote wilh respecl Io Ihe 
normal to the relerence plane for all flow pallerns in Fig. 
4. Note that the asymplote mchnatlons m F~g. 4 are 
specified as positive angles, ~e. measured in an anti 
clockwise direction with respect 1o the reference plane 
normal or zemlh. The mclinal,gn ol the asymptote to the 
hyperbolic flow paths ~.,, equal IO Iw~ce the angle ot 
inclination ol Ihe devmtonc slress 

FINITE DEFORMATION PATTERNS 

A del'ormallon may be termed progressive it Ihe 
ohserver is able to examine a continuous sequence of 
eonfiguraltons Ihrough which a body passes, unlike Ihe 
general lerm 'defurmalion' which refers to the di l ler 
ence in geometry, of Iwo dtslinct finite slates ol a body 
(Fhnn 1962). The panicle palhs computed and illus- 
Iraled in Fig. 4 allow reconslrucllon of the progressive 
del'ormalion of malenal volumes. 

Again, consider Ihe deformalion lensor ol expression 
(15) with Ihe lerms A, B, C and D as specified in 
expressions ( Iba) - ( Ihd)  'The prmclpal axes of the slram 
ellipsoid al any lime I can he characterized in lerms ol 
eigenvalues of Ihe delormalion lensor, S I and S~, using 
the pnncipal quadrahc elongaLions ~l and ~ .  'The 
latter--themselves eigenvalues of Ihe strain ellipse ex 
presslon in matrix Iorm ( Ramberg 1'~75a, p 30F--can be 
calculated from the delormallon tensor componenls A, 
B, C and D, using the following algonlhms' 

A,, = 0 .N(K) + X/I(K: ) - 4(AD - BC)~'II (It~a) 

~.~ = 0 .S [ (K )  - , , / [ ( K ; )  - 4 ( A O  - B C ) ~ I I  ( l ' . . )b)  

wtlh K = A:  + B ~ + C: + D ~ For example, auni l .stm 

Fig s (.'ompuler gr.",phtc repre.senlahonol pfob~e.~stve delorl'nallon ol a unil wdun'|e ol rm.k in duclilecreepand plane sllam due Ioslress held~ 
i~nt'nled as in Fig ,4 The image,s are mm -d~mem,.mal 'The increment,,,, ol hnile sit am are 2 Ma apart Inr a rock wllh i~ollOplC vi,~c'o,',.lly OI I(~ I Pa s 
delormed by a devtalovtc ,,dre,s~ ol 21.1MPa ']'hi,,.. corresponds to a sltain rate ul ILF t'l ,,, t 'The lime scale can he adapted Io olher silualtons 
applying Ihe scahng rule,'.. ~d expres~ion,s (2"~a) and (2Jb) The Iwo hyperbohc I']owlines (an red) show Ihe movemenl ol parhele,',, m Ihc upper lef! 
and upper nghl hand corner~ ol Ihe delormmg vulume, relative Io the pin poml al Ihe mler,',,ecllon ol Ihe slle.ss axis (in t.~een) and Ihe lelerence 
plane (m blue) 'The lull thaw pallern around any particle atx)ve Ihe relerent'e plane is given in Fig 4 'The onentahon ol Ihe axt,~ ol largesl slrelch 
cd Ihe slrain elhpsutd al intindely large slraln i,',., mdlcaled by Ihe mchnalion nl Ihe a,svmplule (in red) Posilive angles are measured anli.elock wise 
'The ~rnuges were pholographed dlreclly ham the momlof and ale nol canceled I'or Ihe eurvaluwe ol Iht' ,scleen 'The characler ul Ihe trnages wa~. 
in,~plred hv Ramberg',, (ItV7ha) hg 3, bul again. Ihe sy,,.lemaitc dependence ol Ihe prol~c,,..,',,ivc delormallon on Ihe ~.lle',,,s onenlalmon is hr~l 

emphasized herr" 
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pie shear which has (,,4, B, C, D)  : ( I , l , ( I , I )  g,ves 
~= = 2t,2 Express,ms (Iqa) and (IVb) were adopled 
I . ,m  Ramsay & Huher (IVN3, appendix B, equ a l ,m  
B IV, p. 287) and are also imphed tn Thompson & 'T'a,I 
(187V) and Jaeger (Iq~h). 1'he length ol the malt,r and 
minor axes ol Ihe slrain elhpsotd can be expressed in 
terms t,I Ihe slrelches S t and S.~ 

31 = I + e t = ~/~l ('2Ua) 

S~ = I + t'.~ = X / ~  (241b) 

and the axial rat io R = X../(2 t12 0. No le  lhat S t and St can 
also be obta ined directly f rom R = S,IS.~ and the hound-  
arv condt l ion of  plane isochonc strain so lhat S i • ,..~.~ = I. 
C'onsequenl ly,  lhe e l l ip l ic i ly  may be w n l l e n  as 
R = (St) 2 = ,,I t 'The cond i t ion  of  plane s l ram tmpl,es 
lhal the mlermedta le ax,s o f  the slrain e l l ipso,d,  S:, 
remains unchanged so that $2 = I. 

'The angle 0 between Ihe malor axis of the fimle stra,n 
elhpsoid and the X ax,s can be calculated for any t,me t, 
Irom the expression (c[. Ramsay & Huber  IV83, 
equation B.I4; also impl,ed in Thompson & Tail 187V 
and Jaeger IVSfl): 

0 = 0.5 aretan [(2AC + 2 B D ) / ( A  2 + B 2 - (.2 _ D2)[ .  

(21) 

Recall thai the rotation ol Ihe major axes of the stra,n 
ellipso,d is not the same as the rotation ol parlicular 
material lines 

The horizontal and vert,cal d=menmons of our de 
formed, init,ally cub=c, umt volume are equal to A and 
D, respeclively. Any imtially vert=cal marker hne wilhin 
the cube is, after delormation,  reclined al angle ,d w,lh 
respect iu the reference plane. 

/'t = arctan ( D / B )  (22) 

The algonthms above allow Ihe computation ol any 
parameter relevant to Ihe progressive deformat ,on his- 
tory. ol a unit volume A computer  program can be 
written for calculating these paramelers and displaying 
stages ,n the evolulion ol fimte strata perlinenl to a 
part,cular delormahon sequence (Appendix B). 

F, gure 5 vtsualizes Ihe progressive deformation of a 
un,t cube R,r vanous onenlahons  ol the principal stress 
axis. 'The base of Ihc cube is p, nned at one corner and 
slips freely over the reference plane. The pm.hne ts 
perpendicular Io the plane of sechon o[ Fig. 5 and Js 
visible as a pin poinl in the lower lell hand corner for 
(po~ ~ <_ 45" and in Ihe h)wer nghl-hand corner for 
45 °<- ~ --" qtr' The un,t cube ol Ihls parheular example 
compnses a rock of viscostty II) 't Pa s, deformed by a 
devialonc stress o[ 20 M Pa. This corresponds to a typ,cal 
geological strata rate of 10- 14 s- t The stages shown in 
Fig 5 are 2 Ma apart. Stages of reciprocal deformahon 
are mcluded m Fig. 5 to emphastze that the patterns ['or 
simdar Wk, occurring al ,~ and ~' = (t~p, _ ~), look sire= 
lar, but dffler m the sense o1" reciprocal and progresswe 
deformation. 

F,gure 6 illustrates Ihe progresswe deformat ,on ol a 
cub,c block in a plane stress field Ior various values of ,£, 

~ ~l() '+ ,_--. 

,', I0" r,\-i 
I 

"1 
/ ~ tP /  6'13CP I.T]OHP 

Fig tp Prubrresntve deh.nmalton ol a cubic bh.wk viewed perpencltLu 
lal to fhe pm line btsechng Ihe boll , ,m plane 'T'hus the block in m Iwn 
equal parts each shppmg wtlhoul fnclaon uver the relerence plane m 
npposde  directions Cases [.,qven by/:, values oi if', .t0", 4'," and 0~P' are 
dlunlraled Incremenls ol  hnnle slrann are 2 Ma apart h,r a rq.x'k ol 
tsolrupic rheology de lo rmmg al a slram tale ol 10  r,.I n- t The inlenl ts 
lu emphasize ,he Ihtckenmg v'.. Ih inning ol ,he layer (ol which Ihe cube 
tn part) reslmg un Ihe relerence plane,  lot' cases nl ~ , 4'Y' and ~ ~ 4'¢', 
respeclively Expression (,21,b) can be used h,r l iansla l ion I,~ nlher 

rheologles and sirens heldn 

with the pin hne bisecting the b,.,tlom surlace in two 
equal, rectangular areas Ihal may shp Ireely ~wer Ihe 
relerence plane. Increments ol hntle stram are sinular Io 
those shown for the same value o1'~ in Fig 5, but the pin- 
line is now pos,ltoned so Ihal the macroscop,c flow feld 
,ncludes all the flowlines illustrated above Ihe X axis in 
Fig 4 Ior Ihe corresponding 

'The relationship between W k, ~ and u (or 
d '  = 0 0 " -  a)  has been graphed in Fig 7 according to 
expression (17b). Nole Ihal flow pallerns m Fig 4 are Ihe 
same Ior ~ and ~' = V()" - ~," except h)r a rigid body 
ro la t tonof  180'Jaboul the Z axis However,  Ihed i rec l lon  
ol flow is nol the same, so thai the mode ol progressive 
deformation w,II be d,flerenl. Companson ol Ihe results 
in Fig. 5 reveals that angles ~ for rt-orienlalions larger 
and smaller than 4~ '~ g,ve the same W k, but revolve 
different progress,ve delormahons leading to layer th,ck 
ening and Ihmning. respectively. Layer Ihmnmg and 
Ih,cken,ng is also vJs,ble m F,g. h. Figure 7 theretore 
emphasizes that the kmemalie vort,city numbers Ior 
and ,.,e, = VII" - ~ are identical, desp,le dffterences m the 
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Fig. 7 R©lallonslup belween II'le k lnemal ic  vorhcnly number W k and 
Ihe angle ,~ I '~lween Ihe malor pnnLapal slress a.sls and Ihe normal  Io a 
ueterence plant  The angles a and a '  = ~P' - a helween Ihe Iwu 
asymploles ol Ihe f lowhne pallerns Ior a partnculal L value are also 

g~raphed 

progressive deformation. Consequently, the stress 
onentation is a unique measure Ior the mode of progress 
ive deformation--the kinematic vorhcity number is not 

The time increments of Figs. 5 and O can be translated 
to other time scales using the Iollowing scaling rule 
(combining equations 12c and 12f ol Wellermars & 
Schmehng 1986): 

/new = [(Un~.wr,,Id)/(rl,,Id'rnew)ll,-,Id (23a) 
O f  

the, = (i',:.td/i'new)t,,id (23b) 

The time .~'ale totd of Figs 5 and 6 can be converted to 
new time scales tne w by substituting into expression (2 "~a) 
the following values' kinematic viscosity q,.,d = 
II'F I Pa s, deviatonc slress r,.,i,~ = 20 MPa, and rr,,:, and 
q,,,,  of the new delormaUon sequence. 

Alternatively, the time scales ol Figs. 5 and 6 (and 
and 10, see later) can be non dimenslonahzed (R,) 
according to the following expression: 

R, = (toldr~,ta)12q,.,Ld (24a) 
or 

R t = /',,ldt"old . (24b) 

For example, the non dimensional  t ime for the I Ma- 
isoehron in Fig 10 is Rt = 0 315 

OSCILLATORY VS MONOTONIC STRAINS 

Figures 4 and 5 and the assocmted theory comprise the 
entire spectrum of stress orientations possible in two 
dimensional, homogeneous, steady-state flows. A p¢cu 
liarity of this spectrum is Ihal streamline patterns charac 
leristic of oscillatory strains cannot be generated by the 
model of Fig. 3. The relationship between the kinematic 
vorlicity number' and the stress orientation given in 
expression (17b) explains why monotonic and not oscd 

tp~PI PIJ(, t.J I/I/ p/Om= 

L 

'1 v, 

.>" 'r' 

__.,.'* 
I I I I I I I I I I I  ////ll,r/,,'/I,t//t/'//l/I/~% ' 

Fig 8 Skelchc;, ol  an e~,penmenlal sel up hit s lmulalmg (a) nun 
oscf l lalory (I e () ~ W k ~ I) and (h) o!~.tllalory (i.e I - W k "- ,x,) 
d=lormaliuns A cylinder ill radius t is rolled helweerl a slable 
relerem.'e plane and a movahle lop plale loaded wllh a mass M 'The 
velocl ly ol II'ie lop p la i t  is i,, 'The cyhrider in (a) IS pinned Io the 
relerem.e plane, Ihus hmi l ing Ih¢ amounl ol ro la l ion 'The cyhnder in 

(b) may rula le h'eely bclwe,,:n Ihe Iwo planar surlaees 

la lory stratus occur. It appears thai WI, vanes only 
between 0 and I h)r any parhcular onentat ion of the 
stress field; no osollatory strains occur m this range 
(Fig 7). 

Oscdlatory delormat=on hislones occur ,f Wj, . I and 
Appendix A 4.~utlines why the deforrnahon tensor ts 
dif ferent hom Ihal obtained here nl complex eigenvalues 
are involved m the solu l ion ol' the untegralnon o1' the rate 
ol displacement equa l ,ms  Pfifl'ner & Ramsay (1~82) 
correct ly pointed out that only flow palhs leading to 
delormalnons lymg belwecn pure shear and simple shear 
are geolog-ncally relevant Ior tectonic processes on a 
reL=.~onal scale Ramberg ( Iq75a, p. 34') explained thai 
osci l latory strains may occur only wi th in competenl 
inclusions enclosed ,n a soller matrix 'The rate ol strain 
o1' the inclusion must be less than that =n the matrix to 
enhance the w3nic,ty. This cond,tlon ,s only met on a 
small scale, unless applicable to bathohths separated by 
supracrustals 'The concept may be clanfied using a 
mechanical analog, where the strain rate and w3rllclly 
are caused by two separate mechanical components. 

Figures 8(a) & (b) shnw the pnnciple schematically. A 
pa,r ol initially orcular cyl,nders, both consmhng ol the 
same v=scous matenal and delorm=ng by plane strata, 
rests on a stable rel'erence plane, with the cyhnder-axis 
perpendicular to the plane ~.~1 flow (and view). The topoi  
both cylinders is m conlacl with a plate ol negllt.,'qble 
weight. Vorltclly may be given to either cyhnder by 
pulling the top plate honzontally with velocity v, per 
pendlcular to the cyhnder axis. A pnncipal stra=n rate 
may be added by h~ading the top plates wilh a mass M as 
md=caled m F,g 8 Body Iorces ms=de the cylinders are 
neglig,ble in comparison to the surlace Iorces 

The systems of Figs. 8(a) & (b) differ m only one 
respect--the boundary cond,tion 'The magnitude of the 
vorlicity in F'ig 8(a) =s limited by fixing the base of the 
cylinder tu the reference plane 'The top ol the cylinder 
may roll m response to a Iorce pulling the top plate at 
rate v,, without allowing any slip at their contact. Pro- 
gressive s,mple shear will occur II the surface load is zero 
(M = 0) and v, .0. Pure shear flow occurs it v, = () and 
M .*(). Consequent ly ,  the conf igural lon o1' Fig. 8(a) 
allows only Ior the occurrence of non osedlalory defor 
mahon histories. 
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'Table I (:'~mparts=m rd irlehllall¢~rl Hid II'ie slram elhpsotd Ior varu~u,, 
slrelches ,%'t m sin=pie shea~ (,!, ---, ,4'~") using equallons (Ihu)-(I(~1) and 
(26a)-(2hd) F'qualion,, (2b..0-(2hd) are a good approximalu-m up Io 
slleleheP, ~l aboul '~ 'T'tn'le .,,h:p~, m mdhon;, ol year'̀ .' are fur slrum rule 

III" t,! s" t 

'T,me ~ (equal.ms IOa- I¢~d) # (equa,ion,,, 2ha- 2(-~d) 
(Me) ,~'t C) (") 

2 I HI 28 84 2q ('~ 
3 2 12 2 ~, 28 24 q", 
4 2 l'r7 lq I0 21 71 

1.44 1O Iq Iq 4q 
h 4 (1'~ I'1, q2 17 82 
7 4 h'~ 12 18 Ih ~ 
8 '~ 23 I(i gl I'~ Y7 

~ ~1 ~ 70 14 7h 
10 h ,'.~'~ 8 '7q 14 I(I 

In conlrasl, the magnitude of the vorticily m F'lg 8(b) 
ts unhmiled because Ihe cylinder can roll freely, but 
without slip, between Ihe reference plane and the top 
plate. Perfect rigid-body rotal,on wdl occur if the surlace 
load is zero (M = 0) and v, ". (l. Again, pure shear flow 
occurs il v, = (I and M .-" 0, bul W=, .> I for any other 
combination ol M and v,. This ,s because t,,, cannot 
effeclwely transler shear stresses to the surlace of the 
cyhnder due to Ihe boundary cond=tion of Iree rolation. 
Consequently, the expenmental configuration of Fig. 
8(b) allows the modelling ol oscillatory deformations 

An experiment ol oscdlatory delormat=on may be 
provisionally simulated by mould,ng a cylinder oul of a 
high viscosity material such as PDMS (viscosity 
5 x 104 Pa s, see Weiiermars It~86). 'This viscous cylin 
der is Ihen loaded by a copy of Ihis iournal and subjeeled 
Io rot=Icily by rolhng Ihe cylinder belween your desk 
and Ihe iournal. 'The distance between the journal and 
Ihe table wall periodically decrease and increase if you 
pull the .journal at a slow, constanl speed parallel to the 
table. The cyhnder tlsel[ will delorm m an oscillatory 
lashion by approximately plane strain if Ihe cyhnder ax,s 
=s h.)ng relalive to ils radms. 

STRESS FIELDS 

F,gure 5 suggests thai, for any parl icular onentahon 
ot the principal devialor,c stress, the magmlude of the 
finite slram evolves coevally wtlh a particular amuunl ol 
fintle rolal ion m a lash,on diclated by Ihe parhcle 
movement palhs The relat=onsh=p belween Ihe magni- 
lude ot the stretch and Ihe progressive total=on ol the 
pnnctpal axis of finite strain has previously been estab. 
hshed for the special case of simple shear, t.e ~ = 45" 
(Ramsay 1%7, p 85 It') and other cases are imphed m 
Ramsay & Huber (Iq83, session 12). It is useful Io 
,nvestigate the relal ionship between the principal 
stretch and rotation for any orientation of the principal 
stress. 

The unique relationship between the principal stretch 
S~, strata ellipsoid inclination ~ and mclmation ~ of the 
principal devlatoric stress, can be demonstrated by 
slraightforward mathematics. Equation (21)expressed 

6/in terms ol the deh~rmal,.m matr.x cumponenls ,4, B, 
C and D. 'These components, as specified m expr~sM~ms 
( lha ) - ( Ihd ) , can  be rewrtt ten.n termsol SI and ~ 'Th.s.s 
because Ihe non d=mens=onal time R, used m expressions 
( Iha ) - ( lhd) l s ,  m lad ,  alsoa measure ol the finite strain' 

Rt = (t~r)/(2t/) = tel = InSi (25) 

Subslt lul ion of expression (25) mlo expressi(ms ( lha) -  
( l~d)  ywlds: 

,4 = L~'':" (2ha) 

B = ta  n 2,~( , .~t"" :z, _ S~- """ :z) ( 2hb ) 

C = 0 (2h,..) 

D = Si -'''':~' (2Od) 

II ns now obvious that equaln~m (21) Iogelher wnlh 
expressions (20a)-('2hd) descnbe the un.que relatnon 
ship between ~, St and 6/. Nole =hal express.on ('2Oh) is 
undefined for ~ = 45", but this can be ctrcumvenled by 
lakmg any ~ very close to this particular angle 
Equations ('2ha)-(2hd) are only slrtclly vahd for pure 
shear (i.e. ,~ = 11" or ,.r., = o(r'), because ,n other cases the 
approxtmal=on of R, by In Si m equat=on (25) becomes 
,naccurale due to the mismatch between the incremenlal 
and finile strum elhpstuds m non.coax,al delormalions 
'The largesl m=smalch occurs for s=mple shear (~ --, 45"), 
bul 'Table I shows that equahons (20a)-(2bd) sl=ll are a 
good approx=malion ul the exacl solut=ons of equahons 
(1Oa)-(1Od) for strelches smaller than 3. 

F=gure q graphs Ihe relationship helween the mchna 
=ion angle, R, ol Ihe strum elhpsotd malor axis (w=lh 
respecl Io the reterence plane) and Ihe magntlude ~1 Ihe 
major slrelch S I lur a family ol ~s (uMng equat=ons 
Iha-16d) Nole thai the pnncipal axes ol the ellipso,ds 
for slress and incremental slram (or strum rate) come=de 
,~o Ihat f-/= ,~ at Ihe onsel ol Ihe deformalion Recall Ihal 
/-/and ,~ have heen dehned q(l" aparl (F'=g ~) to accounl 
for Ihe fad Ihal S i of Ihe tnslantaneous or mcremental 
strum ellipso=d =s always perpend=cular Io rl The sub 
sequent evolulton ol fintle strain and rotalton ol the 
strum ellipse is oulhned by Ihe subhor=zonlal curves =n 
F=g. q. 

The plot of F,g. *4 is non dimens,.mal, except for the 
=sochrons 'These are scaled lot the parl=cular case ~1 
rock wtlh an molrop,c vtscosily of i() ' i Pa s, delurmmg 
by a devmlonc slress of 20 MPa al a slra]n rute ol I(I- t4 
s- =. The =sochrons are included =n F'=g 9 Io demonslrale 
thai pure shear ts much more elteclwe than s=mple shear 
Ior ach=evmg large strums for u given deviatoric stress. 
'This applies only to isolroptc rheologws; the reverse 
holds for urthotropic viscosmes where Ihe plane ,~t 
weakness hes =n the shear d=reclion (Weilermars =n 
preparation). The dd-lerence belween Ihe finite slrams 
achieved in pure shear and simple shear increases as the 
del'ormaI=on progresses (F=g 9). 'The =sochrons m F=g q 
can be translated Io other t=me scales usmg Ihe scahng 
rule ol express,on (23) 

F=gure I(I shows an alternalive graph ploltmg the 
change in orthogonal thickness ol a deforming layer 
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versus the rotali~m ol a marker line m,ttally perpendlcu 
lar to the layer, Ior a variety ol or ientahons,  ,~, ot the 
principal stress axis. Layer Ihlckenlngoccurs  Ior ~, , 45" 
and Ihlnning Ior 4 '  45", whilst thickness remains 
unchangednns lmpleshea r  (~ = 4'~') Laver thmnnngis 
l astest I~r pure shear at /:~ = I)", arid laslesl thickening 
occurs by pure shear at '~i = q(.l" Note that the asvmmet  
rio 'bulge'  in the ns~.~chrun pattern indicates thai the 
m t a t , m  ~1 the Innltal nurmal us laslest Inr s~mple shear 
(4 = 45") at the ~nsel ~1 deh:~rmation, hut occurs l asler 
lur smaller values ol~, nl the de lormal lon  progresses 

D E T E R M I N A T I O N  (_IF P A L A E O S T R E S S  

Ductile delormation patterns caused by solid state 
creep in r~.~cks are limited to very low Reymdds number  
flows so that inertia effects may be neglected (e.g. 
Weqermars  & Schmehng IqS~) This means that delor 
malion ceases instantaneously as soon as the d n v m g  
force stops. It is therel'ore potentially possible m recover 
Ihe orientati~m ol palaeostress axes resptmslble I'or nalu 
ral del 'ormation patlerns I'rom field measurements  of 
their finite strain and rotation components ,  alter con 
firming that there has been flow at a constant stress 

orientation (expressions 21 and 2ba-2hd) Methods lo  
recover the slratn Irom natural Ilow markers are avail 
ahle and require only knowledge ol the initial geom 
elries (ol I'ossil,s, pairs ol lines, imbrlcaled pebbles, ere ; 
ct Ramsay & Huber Iq83, Lisle Iq88). However, the 
component  of finite rotatttm can only be quantified 6 the 
imtial orientation ol such flow markers ts known 

At this pc, nl it seems approprmte  to quole what has 
been lermed a general theorem (Hobbs  et al. It~7~, 
p 31): "Any hom~lgeneous constant w.flume defor 
matitm can be expressed as a pure shear tugether with a 
rigid b~dv rotation and a rigid body translation". This 
theorem ts commonly used to discourage geologisls horn 
at tempting to de l e rmme whether a particular delor 
mahon pattern in the field has been Iormed by pure or 
simple shear "The only dilferences between such a pure 
shear and a s~mple shear are a ngtd body rotation and a 
n ~ d  body translation" (Hobbs  et al Iq7~, p 32). 

Perhaps the dilficulty of distinguishing between ro 
rational and non rotational deformation histories has 
been over emphasized in the past. It has overlooked 
situations where ductile rock has Itowed adlacent to 
relatively rigid walls. A unit volume of rock with one 
face adlacent to a stable ngid boundary will be unable to 
rolale that contact ff strain compatibthtv rules are res. 
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F'tg IfJ Num.I..~am showing Ihe velaliunshtp belween the change sn layer nhnckness (expressed as slrelch D) and the 
rolalion (ii) ul a hne inilially orlhogonal lu the relerence plane Ior various onenlailons, ~, ol nh¢ pnncipal devlalone slress 
The ankle ~ is ~(r' al nime 0, when delormalton beL..~ns 'The verlical hne lot ~ = 4'~ ° shows Ihan there is no change m layer 
thickness lot simple shear 'The field lu Ihe left shows how layer Ihmn,ng occurs i! ,~ is larger than 4%" None than, m pure 
shear, laver Ihlnmng .r Ihlckenlng does nol mvolve a change in lff, and iherelore pure sheal plans along Ihe lop hne ol the 

diagram See al~) the definlnlon skench ol Fig 3 and espre,s.slon ('22) 

peeled.  There  are many  si tuat ions nn nature  where  this 
boundary  condil ion may have been m a m l a i n e d  dur ing  
Ihe de lo rmul , Jn .  For example ,  ducti le shear zones  be 
low fold nappes ,  o rogenic  belts adjacent  to c ra lons  and 
segments  of l i lhosphenc  extension may all compr i se  
ducldely de fo rmed  s t ructures ,  at par t icular  dep ths ,  
de fo rming  be tween  re la twely  rigid walls. The  s t retch of 
Ihe bulk slrain ulhpsond and its inclination wHh respect  
to those walls provides  a potent ia l  measure  ol ro ta t ion  
which can be plot ted m Fig. g Io de t e rmine  8. AI terna-  
lively, Ihe rolat ion and change  m length of  a m a r k e r  line 
initially o r thogona l  to the ngtd walls ol the d e f o r m e d  
zone can be used to d e t e r m i n e  8 f rom the plot of Fig. I1.1. 

E~amplc 

'T'he graph of Fig• 9 can be used to plot pairs of (R,O) or 
(S I ,U) measured  in the field. II the d e f o r m a h o n  marke r s  
used were truly passive and haw." a good  stra,n m e m o r y ,  
Ihese pairs cluster on the plot ol Fig. 9 and thus prov ide  
an es t imate  lot ,~. In o rder  to avoid discussions on the 
re lmbdity  of the s l r am m e m o r y  of  d e l o r m a l i o n  pa t te rns  
in natural  rocks,  I resort  to a l abora to ry  e x p e n m e n l .  
Figure I I shows ske tches  of  John Ramsay  and Marl in  
H u b e r  on Ihe side ol a Plasticene block of high viscosity 
d e f o r m e d  by a slress ol • consis tent ,  but unknown  o n e n .  
lation. Plashcene has  a per tecl  strain m e m o r y  and is 

unable  to recover•  T h e  base of  the block was lubr icated 
with a low viscosity oil a l lowmg free slip over  a s table  
r e fe rence  p lane  relative to an arbi t rary  pmhne .  T h e  
block was fur ther  confined be tween  two plexnglass walls 
so thai d e l o r m a h o n  rema ined  planar.  The  images  of  
both  R a m s a y  and H u b e r  were mcely round  m undis- 

.--" ./,~.:j, ~ ' ; ~  ,,J / 

' '¢,':! '-"" %! / 
/ 

Fzg II Pa..ssive sllain markers (images ol John Ramsay and Marlin 
Huber) on the snde ol a Plasfleene block ol high Vl~'OSlly delormed by a 
plane slre~ field of unknown onenlallon The base ol the block 
remained slable throughoul the delormallon The fimle slreleh 
S I = I. 14 and the mchnallon ol Ihe ~ealesl a.xl.s ol Ihe slvam elhpsoid 
wllh respecl Io the base of the deformed block ,s 0 [] "~" 'T'hese dala 
ace sufficient Io mlew from the nomo~am ol F'lg g thai the major axis 
ol slress causing the deforrnallon was onenled al 40 ° Io the normal Io 
the base o1' the block The same inchnaUon at the slress axJs can be 
delermined, using Fig 10, from the h'a~.lionol change m onhogonal 
thickness ol 0&)O and the rolalnon at the edge ol the bleak, which was 

zntllally at ~)o Io the relerence plane, and is now al 7'9" 



'Thv r~h: ~I ',,Ire'.;',, nn 

t~rled m~de, arid sh~)w rz~ area change in Ihe deh~rmed 
slale 

'T'hts allows delerminalton I~ be made ~1 the timte 
stram and mcl,nallun ~ll the strata ell,psotd axes wslh 
respecl t~ the base ~ll the delormed block 'The elhpt,cttv 
ol b~th laces us R = I "~ (currespundmg h~ a stretch 
S~ = \"1 3 = I 14) and thenr mclinahon angle ns 3h" 
'T'hts finds a L; value ol 411" In F;'lg q The alternaltve 
melhod emph~ys Ihe Iracttonal change in height ol Ihe 
block ol'l).~-)fl and Ihe rolalton ~)t the vertwal edge ol the 
block Ir~rrl t-)(l" IO '7¢? ' Plotting these data ,n Fig. I(.1 also 
vnelds a ~ value ol 411" 'T'hns means that the Plasttcene 
block at' F~g II must have been detormed by a stress 
field with nix malor pnnopal  ax~s al/411 '~ t~) the normal ol 
the reference plane, i e the base ol the Plast,cene block 

DISCLISSION 

'The theory developed here concerns deh:~rmatnon 
paltemstormed ( I )nnp lanes l ram; (2 )a l s teady  slate, 
('~) wilhout volume change, and (4) adjacent to a rtgtd 
boundary The leasibnlily ~1 these assumpllons wnll be 
discussed below. 

(1) In two d~menstonal flows, all dnsplacemenl occurs 
tn Ihe plane ol flow, and there are no veluctly cam 
ponenls perpendicular Io thts plane. 'Thus condttnon Is 
likely to apply lu fold bells, shear zones, nappe earn 
plexes and diaptnc ridges 'Three d~mensional fl,~w 
fields, mvolwng signtfieanl deviation Irom plane slram, 
are responstble tar Ihe emplacemenl ul  granite balho 
hths, mantled gneiss dames and salt stocks Progressive 
cleformal,on In Ihree dnmens,onal flows has been ana 
lysed by Ramberg (It~7'~b) 

(2) Steady state iS assumed, b . l  Ihc mognllz tde o]'lht' 
SIVt',~,~' otld till' t'OllSl'qllt'tll flOW toll' rlt't'd IlOI tt'rlltlltl 
t'Otl.i'ltinl Steady state is assumed here in the sense that 
Ihe devialoric stress remains at a constant angle with 
respect to the relerence plane. In geoh~gncal flows hu 
whwh condfliun (I)  ol plane stra,n appl,es, the mal~r 
and minor axes ol dewatonc  stress wdl he m the plane ol 
straining Whether Ihe stress axes rotate within the 
plane of de[ormat,~m depends upon the nature ~1 Ihe 
forces that drwe the del 'ormatum. Mosl geolugwal flows 
are in same way or other due Io lithosphenc plate 
driving mechamsms.  Reornentatnon ot the regional stress 
axes on the tnme scale ol' tectonic epnsodes, say I1) Ma, ns 
less hkely to occur m view uf Ihe slow rate at whzch 
convechve Iorces reurgan,ze (e g see references m 
Wezlermars 1~-~88a) There  remains the possihdzty that 
the reference plane will rotate,  even zn stable stress 
fields Nonelheless,  there are many sntuatzons in nature 
where rock us dclorm,ng m a ductile lashzon adlacent to 
relaltvely rngzd walls. 

(~,) The del 'ormmg block is assumed to remain mcom 
pressible nn response to nnstantaneous stresses 'Thus 
usually holds Ior racks de lo rmmg al crustal depths 
where duchle creep may occur, as any pure space will be 
closed due to the high conhnmg pressures preva,hng at 
such depths (say .7kin)  The h.mg-term wdume 

ducllle dt'h~rmatl~rl Ili7~ 

changes whtch may he caused by s~duti~m Iran',,ler and 
melam~wphtc prucesses in s~me nwks als~ are excluded 
N~le Ihal the present thea~ry w,II sllll h,~ld tl Ihe w_dume 
change Is equal m all directions. 'This may be s~ m 
metamorphw w~lume change, but iscerta,nlv unlikely m 
solulion Iransler 'l-'he err~r introduced by apply,ng the 
present theory t~ rocks allected by such wdume changes 
is dilheult to predict. 

'The estimatnon td' palaeoslress axes Irom slrann 
measurements  in natural r~)cks als~ is sensitive h~ the 
stra,n memory  ol the parltcular rock Strata memur,es  
may be erased by static retry, slalhzation or anneahng 
'Thus ns most hkely m rocks which resided for a hmgl ,me  
at deep crustal levels after del 'ormation Anneahng is 
leasl hkely to occur m rock brought relat,vely qmekly tu 
our vision by ,sostalic recovery, and conlinuuus erosion 
~d the surl'aee The cnhcal  hme scale Ior such anneahng 
to uccur w,II vary with rq~ek type and has not vet been 
studied in sulficnent deta,I to allow quant , tahve est, 
mates  

(,4) The boundary condition assumed m the present 
analysis is that the delorm,ng v~dume may shp Ireely 
over the slable wall rock relal,ve to a fixed point (the 
h o u n d a ~  ns a taull). In nature, the degree ol slip at rock 
interlaces is contrulled by a range ol phvswal para 
meters  These ,nclude confimng pressure, water press 
are,  Iracture density and ambienl temperalure  Bver 
Ice's law m crustal slrenglh profiles suggests Ihal solid 
state shp by I rwtlonal ghde wdl generally not occur at 
depths where rock may delorm m a ductile l ashl~m (e g 
Goetze  & Evans It~7t~) The Iree shpcondHnun thereh~re 
wdl be most nearly fulfilled m geological settings where 
the rock volume delorming ,n ductile flow ts separated 
t ram relatnvely rigid wall rock by a Ih,n zone ol low 
v,scos,lv rock. Bird (It984) has prov,ded experimental  
suppurl hM Ihe idea that malor l aull zones, weathered by 
hydrothermal  orcula t ion,  may have extremely low trio. 
Itonal resistance In such cases the interlace may behave 
as a s lretchmg lault (Means It~St), It~()) II shp ts 
o m s t r a m e d ,  strain compalibdily problems wdl I,m,I the 
mode ~1 de lormal ion  Io simple shear wtlh vari~us 
amounts  ol w.flume change as dnseussed m detad by 
R a m s a y &  Graham( l~ ' 7 l l ) ( c f  R a m s a y &  Huber 1~83, 
p 47, It~87) 

CONCLUSIONS 

Palaeostress magnitude may be recovered Irom grain 
s,'ze studies ut quartz, labncs (el'. Ethendge & Wdkne 
ITS81) A cumplementary  method Ior special condtlions, 
first outlined here,  now also allows potential recovery ol 
the or ientahon at the principal axes ol palaeustress 
Knowledge at the flow field provides a sound basts lot 
discussing the significance ol the kinematic vorl ioty 
number ,  various m~des at pr~gress,ve deli.~rmallon and 
how these are controlled by the slress t~nenlat ,m 

The deformalnon tensor, oblamed by solv,ng dtfleren 
tial equa l , ass  connected with the rate of displacement 
or vehwitv gradient tensor, ns expressed ,n time 
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dependent terms cornprlsmg only the normal and shear 
components (91' the strain rate tensor (express..m I1)) 
Mohr's equations ol slres,~ can be used t~ link the strain 
tales Io Ihe malor principal stress 'T'hts denvatton yields 
a time-dependent delormatton lensor which ts expressed 
m terms ol the dynamic viscosity and major devmtoric 
slress (magnitude and onentalion with respect to a 
reference plane), (expressions 15 and Iba-16d) 

The deformation tensor can be non dimensionalized 
by rewriting its components in terms only of the onen 
tat=on, ~, of the major ax=s ot dewatonc stress, the 
slretch, S~, and rotation component, O, of deformation 
(expression 2ha-20d). Estimates of the rotation and 
strelch ol finite slram ellipsoids in nature are sufficient tu 
identify the onentation ol Ihe axes o[ palaeostress from a 
nomogram first introduced here (Fig. 9) Alternatively, 
Ihe direction of palaeostress axes can be determined 
from the rotation and change in length of a marker line 
milially normal Io the reference plane (Fig. 10) 

Finally, the Iheory developed here should be applied 
wilh care. Although fields of inhomogeneous defor 
malion may be partitioned into smaller domains of 
approximately homogeneous deformation (Cobbold 
1977, 1979, 1980, Cobbold & Percevaull 1983, Culler & 
Cobbold It~85), such domains will continuously be reor 
ienlaled with respecl to Ihe principal stress directions. In 
such cases, recovery of Ihe palaeostress Irajectories 
could stdl be possible by first reconstructing the flow 
lines leading to the particular pattern ol mhomogeneous 
del'or'mal=on concerned 
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APPENDIX A 

MATHEMATICAl., DESCRIPTION OF' 
DEFORM ATION 

lht' Ja¢llhldrl mal l ix  ],, ~u lhL = rvlal ivc disph.u elTll;'ril ITIJIIIX (I.'I Malv¢,rri 
lqhq, p I~,.,I), F u = ] .  + ~./ '1lw !,,~dulum ol lhe inlelgral.m may he 
e~,ipre,,,~,¢'d tn l~.'rrn,, ~I a relahon,:,htp helwcen lhc ral,e =d di,.,plac¢'menl 
lens~l L u and lhe d~'h~rmalz~r~ l¢.'n,,¢~r F u A S ' , , I I I T I =  = I_,=/ and F,/ arv h,,tven 
hy lhe hdh~wmg maln~'c,,, 

u II I , ]  ,z /-, ] 

L,. = II (I (I = (A'7) 

F'~ = ql (I () = 

C II /) ' D 

(AM) 

"r'he comp=menl,~ ,4-[)  i~l Ihe delornia l ion malnx may be recovered 
Ir~m c,~mponenl,~ . - d  ~1 Ihe rllsplauemenl tale malnx,  hul tn a lashlon 
much simpler Ihan gnven by Ramherg ([q'7~a,h) According I,~ Ram 
herp ( Lq'7~h, equalnon 4 '~) 

,4 = I ( A :  - , , ) l ( k ,  - k , ) l e ~ p ( A , t )  
- [(/~, - , , ) / (k ,  - k = ) l e x p  (/~:n (Aq) 

The changing posnlnon ol any malenal body in flow apace can he 
e~pre~,,,,ed an a relalw~: d~splacen=cnl ul malerial pomts, II an E, ulenan 
de,scnpllun =,,, adupled, Ihe Cartesmn posmon (~ ,),,z) ol any poml m 
dtsplaced slale had c=~.ordnnale,s (h,,V0,.,t<~) beluue displacement "r'he 
tale ot di'.,plaeernenl (~,) ol p,"=rlMes t,~ m E, ulenan space (>1,%"Z) can be 
desenhed by the rale ==1 di,~piact'menl equalton 

i, = L , ~  ( A I )  

'The rale-ol displacemenl or veh~cHy gradienl len,~or L, u ( = dv~h:~t~ ) can 
be decoml~>sed inlo a symmelnc (Sll'el~.'hmg, slrain rale, l'al¢ ol 
delormal ion or veloa.'tly ,slraln) lens=It [9=~ and an anll,symmelnc (vorln 
Oily, spin or rolallOn rale) lensor W u (Malvem [qhq, p 14'7) 

L,. = D.  + W. (A2)  

'The Nlrelchnng lensor nmplnc~lly de~cnhe~ Ihe aecumulalion lale ol 
Incremenlal '~,lraln or slraln rate 'The vOrlleily lensol acc=)unls ht, r Ihe 
rolal ion rale OI Ihe ellipsoid',,,, pnnclpal a.xe~ 

In Ihe case ol homoR, eneou,s delormalnon, Ihe slrel~,.'hlng and w~rh 
CZly len.~or.,,, wdl c=~mpHse only linear Icrm~ 

D,, = (I12) a__h + ,~_~ [ / 'II yl:l'2 ),I~I'2] 
~'~t~ ,~r, = l ' : t12  e, , ,  i,,z~12 (A~ )  

t / 
1,u/2 ~,~/'2 ~,~ 

I (I ~.u ~12 - m:,12 ] 
,h ' ,  _ '~-~a = =j , l l2  [ (A4 )  W. = (1/2) d~l ,'It, - ~ 1 2  l) 

I 
,.. 12 -~Ull? II J 

with vOrllClly veLl(l[ componenl,,,i i.~) k 
'The parhcles .,.,larled moving due Io a devtalonc sires.,, c'ausmg ctP.ep 

al a tale whtch m cemlrolled s=dely by Ihe mleunal Inclton or dynamic 
visco,,.;tlV r/¢=1 Ih¢ malenal relume, 

T',~ = ~rlE),~,  (A%) 

wtlh devtalonc' slrt'ss lerlsor 'T',~ arid hvdroslaltc slre,,.,s lensor P,~ = 
- P ~ v  = - I I t ° ~ u '  lakmg~,~ = I Ior z = l~"nd~,~ = ( l l ou  ~ ~1 'The 
hounaary eondil ton *=1 plane slrain lequil'es Ihal o:, P wl .ch =mphcs 
n,., = (I/ '2)(r h + n0,  ~o Ihal 

r, = ,.,,, - o., = ( l /2)( r  h - ,~) 

r~ = Ii (Ah)  

r~ = r h - o: = (1/~)(% - n l )  

'l"hts assumes Ihal Ihe delormal ion is incompressible, t e Ihere in n=~ 
volume change so Ihal r t = - r~ The dLllerence in ~t~m between r t and 
t;+ n,~ ace;ranted lot hy Ihe ~pposnte .senses ol the devnalonc slre,'.,s 
arrows nn F'ng "~ 

"l'he posmun ol any parln.'le al a parheular l ime r can be Iound by 
mlegta l ing the .~el nl ddtcrenltal  equalnun~ ( A I )  'Tht.~ yields Ihe 
deformat ion lensor V' u which us equal Io Ihe sum ol Ihe Kronecker's 
malnx b,z and Ihe dtsplucemenl ~.,~adnenl lensor (du.,Idt,~), also lermed 

(AII))  

c ' =  I(/~ - ,,)(~.: - ,,)l(b/~: - / - ,A , ) I  [ r x p  ( / ~ n  - e x p ( A ~ n l  
( A r t )  

[) = l ( k  ,, - . ) l ( k , .  - k~) te~p(A: t )  - I ( /~  
- . ) l (k :  - ki) le~lp(/~t l  ) (A l~ )  

'1"he dummy ccmslarllS/~ i and/<, are ( R.',mlwrg lq7%h, equalu~n '~4) 

/~ = (l l '2)l(a ÷ ,I) + V"I(,, - d)" + '4/,,.11 ( A I ~ )  

A. = ( l l2 ) I (a  + d) - v ' l ( a  - d r '  + 4b,,ll, (AI,- I)  

This soluli=~r= ul F its qmly vahd d Ihe ,~quare re,el c~mlained =rl/~i and/~,, 
in real, = e I(= - d) + ,:lbc I .-' (1, whtch eurrespcmd,s In case;, ul mm 
o,'.,eillal=,ry del'on'nalton II I(~ - d)" + 4h~. I ' i), Ihts rleEalive square 
tool F,.,',pve~ rtse to ~.'.mple ~, etgenvalues, and allunnaltve soluhons vahd 
lot closed purhcle movemenl palhs are' gtven by Ramherg (19'7%) 
However,  ~1 Iollows Iron', expres,,,,, m (%) Ihat ~. = () m any plane, non 
o,scdlalurV deluumalton (bul only lur Ihe =elerem:e Irame used here), 
no thai equalzuns (A I~ )  and (AI,'.I) yield k.i = . and k,,., = d Nub,sll 
lul |on ol Ihese value~, trl uqualions ( A q ) - ( A I 2 )  ~tve,~, Ihe s,mpl=herl 
s;~lUllOri lot Ihe c~mp~,n~'rils ol Ihe deh=rrnahon rrialn~ 

,4 = exp(u t l  (AI" ,)  

B = l/,l(u - d)l [exp tun - ~'~p (an l  ( A lh) 

C = {I (AI '7 )  

D = exp(.¢/I) (AIS)  

II i~,, wurlh recal[mg Ihaf m pI,Jne deh,rmaii=m d = -i.i, and e~p 
(at) - e~.p(-at )  = 2 slrlh (at) 'T']'I¢' slleamlln¢' pallerns lot W=;, lying 
belween I) and I may he synlhes=zcd by allernahng superpl~,sed 
=n~.~emenl,'., =~1 slreamhne:, lur pure and :,nrrtple shear flow (see Ran'= 
berg Iq'7%a, hg 2) 

Armlugou~ Io Ihe rale ol dtsplauemenl lensLq, Ihe Ja~.'=~bnan dt:, 
plaeemenl malnx,  .I,,, can he !,eparaled--hul onIv h~r mhntlesnm~]l 
dclormal lons-- inh~ ihe sunl ~fl a :,ymmelnc malnx (E'.) and skew 
symmelncmalnx(,C~,l )( 'Malvern Iqhq, p 12%) 

I.. = E,.z + ~lj  ( A l q )  

The ,symmelnc malnK de,~.'rthe,~ Ihe slraln ¢=~mponenl ol Ihe de 
h~rmal.m and is Iherelore called Ihe slraln malnx (Malvern I%q, 
p 12%) 

E',l = (1/ '2)1__ ~ + ,.t% )' 1/2 ez: j,:~12. (A2(I) 

i,u/2 ih,/2 e~ 

']"he rolal lon cumponenl ol any delolrnallLm can he expressed hy Ihe 
r~Halion maln~. (Malvem [qhq, p 111) 
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~,, = (l/,') ,m, _'~1 = I II .,+/+' - , , , , / :  I r+ i ' ~  d l ,  . - ,~) ~/..? (I rr+~]J (A21) 

L u.) j/2 - , e l /2  II 

wllh plmcipal r;dallqm,, ,J+.. "l+l'le al'l,~vc deLorrip,=Mll,)n ,,I Ihe dlsplave 
rrienl malnx canm~l be ;,pplwd Io hrHle P+lralnP,, a+, n~m hriear lerm;, 
need h~ he laken inl,~ aruHJnl Inr lar+e deh~rrrial~on;, H~,wever. 
Phllnel & Ramsay (IqtS2) have sh,~wn h,~w hnlle slraln;, may h-' 
defe rn'ilned hy 51epwl,~e su[~r~oslll, mo l  small iricremenl~, qll ,,train and 
Hddll;)n ' rhr hnlle 5llalrl,~ displayed In f;'lf.+s ~l and 0 were, orl~,lruvlcd 
Irorrl Ihe pal,lncle mnvemenl palh,s ariel, mlegralum ol Ihc talc ,~1 
dnsplatemcnl cqual]on~, whl;'h accnunls h~l, Ihe mm hncal,Hy ol lar~..~,e 
delormahons II ~sw~rlh n, Hmglha l  Ramsay & Huber (Iq~+)s,~me 
hme'~  iJ%ed Ihe ler ITi :Jraln mal nx lot whal us, nn cl lecl .  I h c  deluFnlall,,n 
malri~ F.t , ,,nrice Ihenr nialn~ nncludeP, Ihe r,)lallq)ri c~mp, menl ol 
de h)r iTlallon 

APPENDIX B 

SOFT SUPPORT FOR HARD ROCK DEFORMATION 

A c.mpulel, pro[.pam ha,~ been wnl len Io calculale and display lhe 
proh~,resslve dehirmal lon ,)1 a unll volume ol l,ock in du~ hie creep 'The 
uml volume is humogeneuusly r leh .med,  in plane isnchilnc ,slram Al l  
paramelers relevanl Io Ihc proK,~esslvc de lo rma l .m hlslory are quanll 
hed by Ihe progl,amme and may he pnnled il so required 'The 
deh~rmal.m slages al,e w',uahzed by inlhal ly squal,e and cm.ular ,~lraln 
markers (e g Fig '~) The movemenl palhs ol parlieular parhdes alsu 
,'an be displayed (e g Fig ,.I) 'The rock may he enlhel, nsnlroplc or 
orlhohnplC 

'The graphical display ol Ihe sl laln mal,kers has been programmed 
maklngethc len luseo lexpress lons( l~) - (22)  For example, lhelmage 
ol Ihe slraln ellipse in oblalned aecol,dlng Io Ihe Iolh~wlng pl,ocedul,e 
'The axial lenglhs ol Ihe malor and mlnul, axes .d Ihe ellipse, explessed 
as sll,elehes ,~, and ,.~'.~, l,e.~pecllvely, al,e given hy equallons ( Iqa) and 
( I q b ) , a n d ( 3 i l a ) a n d  (2(16) The mchnaHon # o l  Ihe malnl, a.xns wllh 
l,especl l,i Ihe l,elerence plane is b~vcn by expresslun (21) 'The c<t 
ordmales ol Ihe slram ellipse ( ; . : )  ran titsl be oblalned Iou an 
ellipse cerllred aboul Ihe i~nk~n wl lh liP, J.xes parallel Io Ihe relercnee 
h, ame 

I, = ,.~'~c, ls q~ (B I )  

: = ,%'I sin ¢ ( B 2 )  

wdh dummy index ¢~ = (I-~h(l" 'The en ordlnales nl Ihc ellipse are 

,,ul-i.,equerilly lqdaled in II1¢ rc'lt'renLe plane .,o Ihal Ihe elhpm' irlchrle'. 
al arll~h, H wll l i  rcspec'l 1,1 lJit., ,IL' aKl,, 

~' = i~L~!, /+-  :,,inq+ (B~ )  

: '  : Ir , a r l H  t- .~. ' ; I , ,H (B, . I )  

'The hnai ,'sb ordiriale5 ,pl the ellipse Ior ,:a~ h d(-'l,~rlTlali, pn ~,lage are 
,d~falned Iw II,anslallng Ihe cL~ ,~rdlnale~, ~,q~ Ihar Ih,: elhpne remalm. 
c++rllred in Ihe del l ,rmlr lg bh~k 

']"he irria~es of recnpl,,~eal ~,lram ale ~d~lamed. i1,11 IW dlreCl valcu 
lall, m, hul by re,JLIzlng Ihal re; iprocai sham eau'~ed by a sl tess or]enled 
al J.., i5 similar Iq) pi,ugrt'~,Mve P, frairi due h) a 5Ires!, ,prieriled at 
~.' = (q()" - ~.) The appl,opriale i~n¢'nlalloris . I  Ihe reLil:Pr,_pL'al delnl, 
mall,~n ~,lages are ,~blained by laking Ihe mirT,tr imaRe ahnul I1"i¢' +7 

Al l  image5 are scaled auh)malicJIly s<~ 11181 Ihey remain wllhln Ih,' 
held ,~l view ol Ihe scl,een ']"his i,~ acl'lleVt, d by scaling all c,~ oldlnales it| 
prc~p,~rhon h~ Ihe ma.~lmum hnlle ~lraln p.ssnble wl lhm Ihe parhcular 
l ime ,,vale, and under Ihe slress/vl,.;L,lMIv ¢,~ndlll, lns speclhed hy Ihe 
user Recall Ihal values lur l,.ck,s delormlng in Ihe lllh,~sphere lyplcal ly 
lall in Ihe hdlowin~ ordel,,~ ,~1 magnllude IO-IUII MPa lur dev~all,n~ 
~,ll,ess, ~-I(I Ma h ,  lib.'Ionic epls,~des and I() : l  - I(I:: F'a s h ,  el lechve 
viseosHy ol cruslal l,,,cks The de~.~ee nl nrlhi,ll,,,py may be expressed 
hy lhe alllS, Hl'opy la++.'Icil,, which l,an,++,es ll,<~m I lot i',,,dl,,,pi~. Io ,x, l<+r 
,+,Ir<mgly uMholl,upnc l,ocks (Wel l e rmar s  m pl ,epara lum)  

' ] l ie sol lware was developed ,in a 2 q k~, Toshiba Til l(Hi l.apll~p 
expanded wilh '7tin kbyles ballery bullel,ed hal,d R A M  'The hnal 
imaFtes ul prob~emslve delormal ion wel,e displayed in screen mode q 
(~t(I .. ~,+~1) pnxels), usmg an IBM PS2 ¢,~mpulcr Culours specified in 
Ihe alF~.unlhms hlr Ihe line drawlnF.;s .]re blue (No I), p~.l,ey (No ~). 
red (N,~ 4) and F~reen (N,, 2), sel agalnsl a black backFP.round 
(No 1t1 

'The ph,,hl~raphs ,d Fig;, 4 a n d ' ~ a r e l a k e n l h m l l h e  Ihlm.hs~l,een 
,d an E'IZ.(.) ql)/(l~ moni lor assembled wllh MF) B i l l  g.raphlc card 
uslnl~ an (-)lympu.s OM I(I 'The camera wa.~ mctunled wllh '~0 mm 
mac r ,~zu, ,mlen~( I  ~ '~ ) ,anda lnpodand l ,em,~ le~on l rn lwere  used 
I,~ Inp.gel slable aulomal,c e~pusul,e while conrpen~allnl,', h~r Ihe dark 
backgl,uund by ~ellmg Ihe hlmspeed al highel, values 'The delaJIs in Ihe 
image'., ol Figs 4 and '~ required USe nl Kodnk E',K'T'AR 2'~ him h,r 
,,upel,h les .du l .m,  sellnng hlmspeed al I(I<)A.SA Pnnls were made 
wllh an auh,malic develupel, selllnp ll~hl inlenMly al I]uxe,,, ~ (Fig '~) 
Jnrl h (Fig 4) 

'The s~dlwal,e, laklrl/~ up nnly If~ kbylen ol disk spare and wrl l len in 
GWBASI t - '  (HI khyles), can be run on any IBM cumpallble PC or 
LapIop ~,uppnrled by DOS Mosl ol Ihe I:~aphlcs can be displayed 
sul-flc wnl ly  dear ly  II Ihe hardwal,e includes a C'CiA eal,d (.)pHmum u~e 
ol Ihe/~raphncalopI.mstan be made nl Ihe syslem ns assembled wnlh an 
E G A .  VCIA or Herculc.~ graphncs card h~ supporl v . l . u r  display 
Inquiries aboul Ihe pul,chase ol copies ol Ihe s, dlware Iogelhel, wllh 
delai led d,~currlenlallon may he oblauned Ir,~m Ihe alJIll(lr 


